Abstract.We consider two different ways to force Brownian motion to be close to a submanifold of a riemannian manifold. We investigate their relationship and consider an application to the quantum mechanics of thin layers.
Introduction
In the following paper we consider two ways to force Brownian motion to be close to a submanifold of a riemannian manifold. On the one hand, we consider paths contained within a tubular neighbourhood of the submanifold for all times s ∈ I := [0, t]. On the other hand, we consider paths conditioned to be in the submanifold at time points belonging to a partition P of I. We investigate their relationship, the corresponding limit measures if the diameter of the tube and, respectively, the mesh of the patition decrease to zero. Finally, we consider an application to the quantum theory of thin layers.
In Section 2 we recall the notion of Minkowski regularity and motivate our initial problem as providing an infinite-dimensional example for Minkowski regular subspaces of a measured metric (path) space. Section 3 serves as a heuristic motivation why we should consider Dirichlet boundary conditions on the tubular neighbourhood of the submanifold if we are interested in the quantum theory of a single particle that is confined to it. In Section 4 we discuss the relation between Dirichlet problem and conditional probability to introduce in Section 5 two limit procedures to compute this conditional probability. In Section 6 we state our results, namely, path spaces of closed submanifolds are Minkowski regular, both limit procedures yield the same result and the limit measure is equivalent to the Wiener measure on the submanifold with an explicitly given density. Applied to the Dirichlet boundary problem these results yield an asymptotic expression for the solution of the heat equation on the tubular neighbourhood. Finally, in Section 7, we give an idea of how to compute the density along the lines of the corresponding computation for submanifolds of euclidean spaces in [8] . 
Minkowski Regularity
of probability measures, Y (ε) := {x ∈ X : d(x, Y ) < ε}, converges weakly in the space of Borel probability measures on X. Example. Let M be a riemannian manifold with geodesic distance d M and riemannian volume measure µ M . Let L ⊂ M be a compact submanifold. Then µ M,ε converges to the normalized riemannian volume of L with respect to the metric induced by the embedding. In contrast to the finite dimensional situation, there is no such canonical measure for infinite dimensional metric spaces. As an example, we consider spaces of
) is a metric space, to obtain a measured metric space we may set µ equal to the Wiener measure
. We are interested in the following question: Does the sequence
converge weakly, and, if so, how is the limit related to the Wiener measure W q L on the submanifold ? It turns out that this question is related to the quantum theory of thin layers.
Confinement to Submanifolds in Classical and Quantum Mechanics
The problem of constraining a particle to to a smooth compact submanifold of euclidean space is considered for instance in [1] . The idea is to start with a Hamilton function h(p) :
. Then, letting L ⊂ M be a smooth and closed riemannian submanifold, p 0 ∈ T * L and q 0 ∈ L be initial momentum and location. Let p λ (t), λ > 0 the hamiltonian dynamics associated to
with initial condition p 0 ∈ T * M . Then, as λ → ∞, the trajectories converge compactly to the trajectories p(t) of the hamiltonian system on L given by
subject to the same initial conditions. Provided the initial conditions are located on the submanifold, the effective dynamics is therefore governed by the restriction of the potential to the submanifold (see e.g. [7, 11] ). The same effect is obtained by hard reflection with respect to an infinite potential
The associated dynamics is that of a particle reflected at the boundary ∂L(ε).
Having assumed the potentials to be bounded below, it is well known that the Schrödinger operator associated to the hamiltonians above defines as well a strongly continuous heat semigroup equivalently described by the Feynman-Kac formula
The factor 0 < m t (ω) := exp( t 0 (V + λW )(ω(s))ds) ≤ 1 is usually called the killing rate associated to the potential. It is quite striking that we can make sense out of this formula as well for the hard wall potential W ε , where the killing rate has an especially simple interpretation. Namely, we have
for almost every ω ∈ Ω t (M ). That means, for the hard wall potential, the appropriate generator is the Dirichlet Schrödinger operator, i.e.
. This operator will be investigated in the sequel. Remark. The preceding discussion may serve as an illustration of another wellknown fact concerning the relation of quantum mechanics and probability. It shows that -different from Feynman's approach with complex transition amplitudes -the Brownian particles in the Feynman-Kac formula for H ε may not be interpreted as classical particles for the reason that classical particles are reflected by the boundary whereas the Brownian particles in the Feynman-Kac formula for (2) are absorbed due to the killing induced by the infinite potential off the tubular neighbourhood.
Conditional Probability
We are now investigating the heat equation for the Schrödinger operator (2) with V ≡ 0 by probabilistic means. Since the operator is bounded below, we may also extract from that the desired informations about the corresponding Schrödinger equation. Let thus u 0 ∈ C ∞ (M ) and consider the solution u ε ∈ C ∞ (L(ε)) of the initial boundary value problem
The solution can be represented by Brownian motion absorbed at the boundary, i.e. we have in the spirit of section one
Due to the fact that L(ε) is compact with smooth boundary (at least, if ε > 0 is smaller than the injectivity radius of exp L ), the self-adjoint Dirichlet Laplacian ∆ L(ε) is strictly positive with discrete spectrum and only finite dimensional eigenspaces. Thus
for all integers N ≥ 1. Here λ 0 (ε) > 0 denotes the smallest eigenvalue and E ε,0 the orthogonal projection onto the eigenspace associated to it. Summarizing this, we obtain
where we use the shorthand U ε (q) :
Two Limits
Let P := {0 = t 0 < ... < t n = t} be a partition of I and |P| its mesh. We consider now the set
of paths being in the tubular neighbourhood at the partition times. Denote by µ t,q,ε,P (dω) := W q M (dω)| Ω t,ε,P the restriction of the Wiener measure to that set. By continuity of Brownian motion paths we have
That means, provided the limit µ q,t := lim ε→0 µ q,t ε exists, we have
It is a somehow surprising fact that interchanging limits yields the same result at least for closed smooth submanifolds, i.e. we have as well
An example for the second limiting procedure for closed submanifolds of euclidean spaces is given in [8] .
The Effective Potential
Finally, we want to state the main result, give an idea of the proof and an application to thin layers.
t is the same as the one obtained by the limits (5) and (6).
The exact form of the limit measure is described by the following statement. 
the partial trace using an orthonormal base of T L ⊂ T M and τ denotes the tension field of the embedding.
From (4) and the theorems above, we obtain the following result.
Corollary 1. For the solution u ε (q, t) of the heat equation (3) we have
We may consider
as a new ground state on the tubular neighbourhood. By a Feynman-Kac formula, the integral with respect to Wiener measure can be interpreted as
where H eff is the effective Hamiltonian
Using operator theoretic methods, we may improve the asymptotic result above as follows: Let Λ < 0 be the greatest eigenvalue of the Dirichlet-Laplacian for the unit ball B ⊂ R m−l . The corresponding eigenspace is one-dimensional and generated by the (normalized) orthogonally invariant eigenfunction u Λ . As ε → 0 we have in improvement of (8)
where C(ε) := B u Λ (x)dx. We observe two facts: (1) Instead of the effective potential, we may consider the potentialV eff = V eff + Λ/2ε 2 . (2) The background
and is therefore constant on the submanifold. Thus, we have the remarkable observation that people living on the submanifold will observe the quantum mechanical one particle dynamics which is given -up to a non-physical constant -by the potential V eff .
A computation of the density (7) using Schrödinger operator techniques can be found in [5] in the case of trivial normal bundle N L. The result for nontrivial normal bundle is the same, but the proof is considerably more elaborate. However, it can be extended to yield Theorem 1 for the limiting procedure (5) . A further proof of Theorem 2 with no triviality or flatness assumptions on the normal bundle which uses stochastic calculus is provided by [10] . The computation of the density with the help of the limiting procedure (6) follows along the lines of the proof for the corresponding result for submanifolds in euclidean space from [8] . In the final section, we will shortly explain how the arguments given there can be modified to obtain V eff .
Computing V eff
The proof in [8] consists of two parts, one of which is analytic, where we show that the linearization of some family T s,s>0 of integral operators
coincides with the linearization of a strongly continuous semigroup with generator G. In [9] , the families T s ans e sG are called Chernoff equivalent. The family T s is related to the conditional measure in a way that the Chernoff equivalence class determines the limit measure and that from the equation above, we may conclude convergence infinite dimensional distributions. The second part of the proof is then a tightness argument showing that we have indeed weak convergence. To obtain an idea how the effective potential is obtained, we compute the Chernoff equivalence class of the contraction family
where p M is the heat kernel on M , x ∈ L and v L denotes the riemannian volume on L. To determine the Chernoff equivalence class of T s , we have thus to understand the short time asymptotic of the intgral. By the Minakshisundaram-Pleijel formula ( [4] , note that we consider the heat equation
To actually compute this integral up to order o(s), we consider normal coordinates ξ = (ξ 1 , ..., ξ l ) in L and normal coordinates X := (X 1 , ..., X m ) in M , both centered around the point x ∈ L ⊂ M . In these coordinates, the embedding L ⊂ M will be denoted by X = F (ξ) and we have the standard expansion (see e.g. [6] 
for the determinant of the metric tensor. Since for s → 0 the mass is exponentially concentrated near x, we may substitute integration over L by integration over a normal coordinate neighborhood U ε (x) for the computation of the polynomial short-time asymptotic. That implies
To convert this expression into a standard Gaussian integral, we need the following result about the deviation between distance in the submanifold and the ambient manifold which we state without proof. For the notion of second fundamental form see, e.g. [3] , p. 150 ff. 
In local coordinates this implies
Now, by construction, F (0) = 0. Since F is an isometry and normal coordinates are determined up to orthogonal transformations, we may arrange
and we have a usual Gaussian integral that computes to
By Gauss equation (see [3] , Thm. 3.6.2, (3.6.7), p.151) we have tr(
Therefore, by the symmetries of the curvature tensor, we have
and the asymptotic result reads 
We consider now the semigroup to the limit procedure (6) evaluated at t. Consider the partition P := {kt/n : k = 0, ..., n} and 1 µ t,q,ε,P (Ωt(L(ε))) Ω t (M ) µ t,q,ε,P (dω)f (ω(t))
By slightly modifying the above argument to non-equidistant partitions we can show that an analogous result for cylinder functions f t 1 ,...,t n (ω) := f 1 (ω(t 1 ))...f n (ω(t n )) holds as well. This is explained in [8] in the case where M = R m and yields convergence in finite dimensional distributions to the limit measure µ q,t .
